We consider a novel mechanism to account for the observed distance-redshift relation. This is done by presenting a toy model for the large-scale matter distribution in a static Universe. Our model mainly concerns particles with masses far below those in the Standard Model of Particle Physics. The model is founded on three main assumptions: (1) a mass spectrum dN i /dm i = βm
(where α and β are both positive constants) for low-mass particles with m i ≪ 10 −22 eV ≪ M P , where M P is the Planck mass; (2) a particle mass-wavelength relation of the form λ i = /δ i m i c, where δ i = ηm γ i and η and γ are both constants; and (3) For such low-mass particles, locality can only be defined on large spatial scales, comparable to or exceeding the particle wavelengths.
We use our model to derive the cosmological redshift characteristic of the Standard Model of Cosmology, which becomes a gravitational redshift in our model. We compare the results of our model to empirical data and show that, in order to reproduce the sub-linear form of the observed distance-redshift relation, our model requires α + γ < 0. We further place our toy model in the context of the Friedmann Universe via a superposition of Einstein Universes, each with its own scale factor a i . Given the overwhelming evidence supporting an expanding Universe, we then address possible modifications to our base model that would be required to account for the available empirical constraints, including the addition of some initial expansion. Finally, we consider potentially observable distinctions between the cosmological redshift and our proposed mechanism to account for the observed distance-redshift relation.
Introduction

The distance-redshift relation
The observed distance-redshift relation is a cornerstone of the current cosmological paradigm. The matter distribution throughout the Universe is observed to be homogeneous and isotropic on large spatial scales. Theoretically, the mean mass density decreases with increasing proper time due to the presence of the scale factor a(t) in the Robertson-Walker metric. It is the Robertson-Walker scale factor that drives the expansion of the Universe in the Standard Model of Cosmology, called ΛCDM [25] . This is manifested observationally in the form of a cosmological redshift, or Hubble's Law: distant galaxies at low redshift (z ≪ 1) appear to be receding with a recession velocity that is linearly proportional to their distance from us [13, 24] .
At large redshifts (z 0.6), the observed distance-redshift relation begins to deviate significantly from linearity and becomes noticeably sub-linear [2, 11, 1] . ‡ This observed acceleration in the expansion of the Universe at the present epoch is attributed to a mysterious dark energy, whose nature is unknown (see [8] for a review).
The distance-redshift relation is interpreted as evidence for an expanding Universe. Indeed, a hot and dense early state for the Universe has now been firmly established, and the evidence is extensive. For example, the standard surface brightness tests have been performed [16] , which involves comparing the luminosity distance of a given source with its angular diameter distance. Other evidence comes from observations of the x-ray luminosities of galaxy clusters, intergalactic absorption measurements, galaxy number counts, cosmic abundances, etc. (for more details see Chapter 1 of [25] and references therein). Perhaps the most compelling evidence for a hot and dense early Universe comes from the cosmic microwave background, which has spurred a great deal of new cosmological data since its discovery in 1965 [22] .
In this paper, we present a novel mechanism to account for the observed distanceredshift relation. To this end, we introduce a toy model for the large-scale matter distribution in the Universe. Our model considers the possibility that, at very low particle masses (well below any particle masses in the Standard Model of Particle Physics), locality can only be defined on large spatial scales. Extremely light (m ∼ 10 −22 eV) bosons have been proposed as dark matter candidates, with de Broglie wavelengths λ ∼ 1 kpc (see, for example, [14] and references therein). Often called "fuzzy dark matter", this alternative to cold dark matter could explain various observational discrepancies with the predictions of ΛCDM, such as the existence of globular clusters (GCs) in the Fornax dwarf galaxy. These GCs should have spiraled in to the nucleus long ago due to dynamical friction in a cold dark matter (CDM) halo. An intriguing ‡ We define this limit as follows. We fit a straight line to the data (in linear-linear, instead of linear-log, space), and calculate the corresponding reduced chi-squared. We then begin to restrict the range of redshifts (by excluding data points with redshifts greater than a given upper limit) until the reduced chi-squared drops below unity. The upper limit for the redshift corresponding to a reduced chi-squared of unity defines the point at which the distance-redshift relation starts to deviate from linearity.
extension of this idea could, for instance, be applied to an even lighter particle having similar effects in galaxy clusters and/or groups. Importantly, the existence of such ultralight particles would have been largely over-looked as astrophysically significant, since any inter-particle interactions would occur at very low energies well outside the range of detectability.
As we will explain, our proposed mechanism for the observed distance-redshift relation operates without altering many of the successes of the current Standard Model for Cosmology in accounting for the available observational constraints, while also avoiding some of its theoretical uncertainties (e.g., the singularity at t = 0).
Mass density
The concept of mass density permeates a number of physical fields, and is at the forefront of some of the most challenging puzzles of modern astrophysics. On large spatial scales, the issue of mass density is related to several cosmological paradigms, including both dark matter and dark energy. On very small scales, mass density is a theme central to the development of the unification of quantum mechanics (QM) and general relativity (GR), called quantum gravity [3, 6] . A sticking point with quantum gravity theories is how to model the interaction between matter and space-time at spatial scales smaller than the Planck length. Thus, advancing our understanding of mass density could be crucial to future progress in several sub-disciplines within both physics and astronomy.
Below the Planck scale, the uncertainty principle becomes important, and all known physical theories break down. The classical example of this is shown in Figure 1 , in which we adopt, for illustrative purposes, the Compton wavelength and the Schwarzschild radius as lower and upper limits, respectively, for the characteristic "particle" wavelength or radius λ below and above the Planck limit, respectively. That is: §
Equation 1 marks the intersection between quantum mechanics and general relativity, and the point at which these two physical theories break down. In making Figure 1 , we have assumed that Planck mass black holes (BHs) are stable, and have thus ignored the emission of Hawking radiation [9] . This choice for λ is motivated by the fact that the notions of elementary particle and BH are thought to merge below the Planck scale [12] . This is supported by the fact that the Compton wavelength λ c = /mc becomes on the order of the Schwarzschild radius R S = 2Gm/c 2 at these small scales, and quantum fluctuations in the position of the black hole affect the very definition of the horizon [4] . The key point to take away § The transition mass m = M P / √ 2 is found by setting R S = λ c , and solving for m. from Equation 1 is that, below the Planck scale, the particle wavelength is inversely proportional to its mass.
Gravitational collapse and singularity formation
An arguably critical example of the limitations imposed by the concept of mass density is the formation of singularities, or objects of infinite mass density. The nature of singularities, which represent a limiting density at which the metric tensor in the Einstein Field equations is undefined [15] , is unknown. That is, continuous differentiable manifolds predict infinite curvature at singular points, indicating the breakdown of GR at very small spatial scales. And yet, many authors have argued that true physical singularities do exist in nature. For instance, it was first argued by [19] that, for a pressure-free spherical distribution of matter, the final fate of gravitational collapse is a true physical singularity that cannot be removed by any coordinate transformation. This result was generalized by [20] , who argued that the assumption of spherical symmetry is not needed to ensure that matter collapses to a singularity. [10] , among others, later argued that the breakdown of the classical concepts of space and time associated with the formation of singularities represents a fundamental limitation in our ability to predict the future, in analogy with (but additional to) the limitations imposed by the uncertainty principle in QM. However, causality need not break down if an event horizon prevents singularities from ever being observed by the external Universe. Indeed, this seems to suggest that, with the exception of the Big Bang singularity in cosmology, no naked singularities should exist in nature [21] .
The physical significance of the breakdown of GR at the Planck scale is not yet understood. For example, in the case of the Robertson-Walker metric, there exist different sets of coordinates describing the manifold at the t= 0 singularity. Depending on the choice of coordinates, the singularity can be modeled either as a three-surface or a singular point [25] . More generally, different manifold structures can be adopted to model singularities that often agree for non-singular regions but disagree at the singular points.
1.4. The observer in cosmological models: consistency over many orders of magnitude Any successful model for the large-scale structure of the Universe must be founded on assumptions that remain valid over many orders of magnitude in space and time.
In cosmology, at early times, the assumptions underlying GR and the application of Einstein's equations must remain valid in the domain where quantum mechanical effects become non-negligible. These effects are generally thought to only be important on very small spatial scales [7] , corresponding to large matter densities. Given enough mass, these small-scale quantum mechanical effects, acting like a repulsive force during gravitational collapse, can be overcome (e.g., a super-Chandrasekhar mass white dwarf and the inverse beta decay events that must occur to facilitate collapse to a neutron star). More generally, at microscopic distance scales, quantum mechanics can lead to a modification of the gravitational potential. But it is not always clear how to treat the quantum state of the matter sourcing the energy-momentum tensor T µν in the Einstein equations.
Importantly, the time-reversal of these transitions are neglected as directly affecting the observer in cosmological models. That is, the (mean) mass density of the Universe exceeds the particle mass density at very early times. If this ever truly occurs in nature, from Figure 1 , it must be inside an event horizon. Hence, empirically, this does not occur in the visible Universe. Said another way, Big Bang cosmology, and the existence of singularities in general, implies that at some point in the distant past the spacetime containing any observer must have been part of the very system the observer is measuring. It follows that a fully consistent quantum mechanical description of the very early Universe, and the role of the observer, should be applied. It is not completely clear how to properly accommodate these issues within the framework of cosmological models.
The key point is that models should not be extended past the domain of their validity. Beyond these critical points, crucial assumptions break down. In cosmology, it is (arguably) the nature of the observer that must be able to properly accommodate the transitional points in space and time described above. This should perhaps come as no surprise, given the many orders of magnitude in scale that must be crossed. Our motivation for re-examining in this paper the redshift-distance relation and the large-scale distribution of mass in the Universe originates from these issues with the current Standard Cosmological Model.
In this paper, we consider a novel mechanism to account for the observed distanceredshift relation. This is described by presenting a toy model for the large-scale matter distribution in a static (i.e., non-expanding) Universe. Our model mainly concerns very low-mass particles with masses far below those of the Standard Model of Particle Physics (m ≤ 10 −22 eV ≪ M P ), since here the characteristic particle wavelengths could be comparable to the immense spatial scales of interest. Hence, our model is effectively motivated by an extrapolation of known physical concepts to astrophysical scales. By necessity, we make a number of assumptions in deriving our model, and address any speculative aspects of these assumptions via a discussion of their validity and implications for large-scale astrophysics. Given these critical assumptions, we show in Section 2 that the cosmological redshift characteristic of the Standard Model of Cosmology becomes a gravitational redshift in our toy model. We then use our model to derive Hubble's Law and highlight a few potentially observable distinctions between our model and the predictions of ΛCDM. We further incorporate our toy model into the Friedmann Universe, in order to better understand the characteristic behavior expected for a more dynamic version of our model, as well as possible modifications to our base model needed to reproduce the available empirical constraints. In Section 4, we discuss the possible significance of our results for the observed distance-redshift relation and, more generally, cosmological models. Our key conclusions are summarized in Section 5.
Model
In this section, we present a new mechanism to account for the observed distance-redshift relation, via a toy model for the large-scale matter distribution in a static (i.e., nonexpanding) Universe. Using our model, we calculate the redshift of a photon emitted by a distant source and derive the predicted distance-redshift relation. We begin with the assumption of a linear distance-redshift relation, in order to first reproduce Hubble's Law, but later we relax the assumption of linearity. We go on to compare the predictions of our model to the observed distance-redshift relation, which we show constrains the distribution of particle masses in our model (i.e., the low-mass particle mass function).
For simplicity, throughout this section, we discuss our model mainly in the context of Euclidean space, and defer a discussion of relativistic effects to Section 3.1 and Section 4.
Redshift
Consider an observer who wishes to measure the mass distribution of the Universe on large spatial scales. We adopt a static (i.e., non-expanding) toy model for the Universe, taken in the frame of reference of a particular particle (or wave packet) for simplicity. Our particle has mass m 1 ≤ 10 −22 eV ≪ M P and characteristic wavelength λ 1 1 kpc ≫ l P [14] given by:
where
is a function of the particle mass satisfying 0 ≤ δ 1 ≤ 1.
We adopt a continuous mass spectrum of particle masses m i , with m i+1 < m i and λ i+1 > λ i for all i. That is:
where α and β are both positive constants. We also adopt the following functional form for the particle mass-wavelength relation:
Here, δ i = δ i (m i ) is a function of the particle mass satisfying 0 ≤ δ i ≤ 1, with δ i = 1 corresponding to the Compton wavelength λ c , which is in some cases a reasonable lower limit for the particle radius (see Section 1). Note that δ i < 1 is certainly possible, for example this is the case for the semi-classical limit for the electron radius at the electroweak scale. Note that the particle mass function in Equation 4 mainly concerns very low-mass particles, with masses far below those covered by the Standard Model of Physics. Here, the characteristic particle wavelengths could be comparable to the immense spatial scales of interest. For each particle mass (i.e., for every value of i), we assume a constant value for the corresponding mean mass density ǫ i in the Universe, and require that ǫ i+1 > ǫ i . We make one more key assumption in our model. This is a stipulation on Gauss' Law, which is used to calculate the gravitational field corresponding to a particular matter distribution. Only particles both (1) with the maximum of their wave function located within the boundary and (2) a characteristic wavelength λ i smaller than the size of the bounded region are included as contributing to the matter distribution. Otherwise, the particles do not have a measurable gravitational effect (within the bounded region). Specifically, the mass enclosed within a volume of radius r can be written:
where the approximation follows from the assumption that
For example, consider a typical Milky Way globular cluster (GC). Observationally, these objects do not contain significant amounts of dark matter. Within the context of our model, this is the case provided λ 1 ≪ r GC ≪ λ 2 , where r GC is the typical size of a Note that, if the particles are relativistic, the Lorentz factor γ i should be included in the denominator of Equation 5. However, for the time being, this can effectively be absorbed into δ i , which is a free parameter in our model. We will return to the implications of including relativistic effects in our model in Section 4.
GC. Particles of mass m 1 act as gravitating objects within such clusters and contribute to the total gravitational potential, but particles of mass m 2 do not.
Given the above assumptions, we now consider an event in which our particle receives a photon emitted from a source located at a distance r from our particle, with λ i+1 > r > λ i ≫ λ 1 . Given our assumption regarding Gauss' Law, the photon is effectively emitted from a region of constant mass density ǫ i , but is received by an observer (i.e., our particle) who perceives a Universe with a mean mass density ǫ 1 , and ǫ i ≫ ǫ 1 . Hence, the photon is subject to a gravitational redshift:
where λ 1,1 is the wavelength of the photon as measured locally by an observer or particle of mass m 1 , and λ 1,i is the wavelength of the photon as measured by the receiving particle. The ratio λ 1,i /λ 1,1 can be derived as follows. First, we assume that every mass species self-virializes within a Hubble time. Hence, at the present epoch, we have for the total (mechanical) energy in particles of mass m i (within a specified volume):
where T i and V i are the kinetic and potential energy, respectively, of particles with mass m i .
, we have:
where the last equality holds since we are considering a specified volume. Thus, in our model, Equations 7 and 9 replace the cosmological redshift in ΛCDM, which is generated indirectly via the Robertson-Walker scale factor.
Hubble's Law
Next, we derive Hubble's Law within the context of our simple model. First, from Section 2.1, we have:
Now, a photon is emitted from a source located at a distance r from our observer or particle (located at r = 0), and λ i+1 > r > λ i . Hence, plugging Equation 5 into Equation 10 and assuming:
where γ and η are both constants, we have:
where the substitution r ∼ λ i was made in the last equality. Hubble's Law gives:
where c is the speed of light and H 0 is Hubble's constant. We emphasize that, in our model, H 0 is merely a dummy variable or constant, and H 0 =ȧ/a since we are considering a static model for the purposes of deriving the distance-redshift relation. In order to reproduce Equation 13 in our model, we require that (α+2γ+1)/(γ + 1) = 1 or:
and
For illustrative purposes, we use our model to construct the distance-redshift relation shown in Figure 2 , for different assumptions regarding the choice of bin size in the particle mass function dN i /dm i . That is, we take α = 1/2 and γ = -1/2, and we now assume a discrete mass function with constant spacing between successive particle masses, or bin sizes, but vary the size of the bins. Importantly, there is no known reason that the discretization of the particle mass function should assume a constant gridspacing. We make this assumption here for simplicity, but return to this important issue in Section 4. In making Figure 2 , we adopt H 0 = 67.8 ± 0.9 km/s/Mpc in Equation 10 [1] .
A few interesting features in Figure 2 are worth noting. First, our toy model predicts that only specific discrete redshifts should be observable in the distance-redshift relation, with the exact values depending on the details of the discretization of the particle mass function. That is, for a given bin size or grid spacing, the colored horizontal lines in Figure 2 mark where the observed data points should fall. In the limit that the particle mass function is continuous, this discretization disappears and all redshifts are potentially observable. Second, our toy model predicts intrinsic dispersion in the observed distance-redshift relation, as shown by the horizontal lines in Figure 2 . At a given redshift, the magnitude of the dispersion should be proportional to the grid spacing in the particle mass function (i.e., the ratio m i /m i+1 ). We emphasize that neither of these observed features in the distance-redshift relation are consistent with the predictions of ΛCDM cosmology.
The observed distance-redshift relation
In this section, we compare the predictions of our model to the observed distance-redshift relation. We assume Euclidean space for all our distance calculations. The discretization of the particle mass function is critical to predicting the observed appearance of the distance-redshift relation using our model. This can be quantified empirically by looking for gaps in the measured values of redshift, along with intrinsic dispersion at a given redshift. For example, in Figure 3 we re-plot the distance-redshift Figure 2 . The distance-redshift relation predicted by our model, for different bin sizes in the particle mass function dN i /dm i , and assuming α = 1/2 and γ = -1/2. Specifically, the black, red, blue and green lines correspond to constant bin sizes of m i /m i+1 = 10 3 , 10 4 , 10 5 and 10 6 , respectively, for all i. The horizontal dashes along the distance-redshift relations indicate the range of distances over which a given redshift should be observed.
relation obtained in our model and shown in Figure 2 , but over a smaller range in redshift. For comparison, we also plot observed data taken from the Union2 SN Ia compilation [2] , which is compiled from 17 different datasets. All SNe were fit using the same light curve fitter and analyzed uniformly.
A few things are apparent from a quick glance at Figure 3 . First, the observed distance-redshift relation is not linear; it appears to be slightly sub-linear. Within the context of our model, this suggests that the quantity (α + 2γ +1)/(1+ γ) should be slightly less than unity, or α + γ < 0. As illustrated in Figure 4 , relaxing the assumption of a linear distance-redshift relation does indeed improve the agreement between our model and the observed data. Figure 4 shows that the data can be reasonably well matched by our model assuming α = 0.39 and γ = -0.5.
Second, there does indeed appear to be intrinsic dispersion in the observed distanceredshift relation, but it is not clear whether or not this is due to observational uncertainties (not provided for all data points shown in Figure 3 ) or local gravitational effects. Third, if taken at face value, these data suggest that there are no large gaps in the particle mass function and, very roughly, m i+1 /m i < 10 2 for all i. We caution that our toy model could be too simple in its present form for direct comparisons to empirical data. For instance, there is no reason to expect a constant binning in the particle mass function. We re-iterate here that the particle mass function is completely unconstrained, and other functional forms might also reproduce the observed distance-redshift relation in our model (such as, for example, a two-or three-part power-law). What's more, we assume δ i = ηm γ i for all i in Equation 5 throughout this paper for simplicity, but remind the reader that this assumption is somewhat arbitrary. Other assumptions for the value of δ i should directly affect the appearance of the distance-redshift relation predicted by our model.
Constructing a dynamic model
In this section, we consider a more dynamic version of our simple toy model. This will ultimately help us to assess modifications to our base model, which corresponds to a static Universe, needed to account for the overwhelming empirical evidence in favor of a hot and dense early state that quickly expanded, cooled and began re-condensing to form the observed large-scale structure of the present-day Universe. . Note that we plot redshift on the x-axis, and the logarithm of distance on the y-axis, since this is standard practice in the literature [2] .
The Friedmann Universe
In this section, we place our toy model in the general framework of the Friedmann Universe. This serves to further constrain the free parameters in our model, while also exploring the global implications of our model for the evolution of the underlying metric.
The Cosmological Principle states that the metric for the Universe must take the general form:
where dl 2 is a three-dimensional metric with constant curvature and a(ct) is the scale factor. Equation 16 , called the Robertson-Walker metric, can be plugged into Einstein's field equations, or:
where T µν is the energy-momentum tensor of the matter in the Universe, and must take the form of a perfect fluid in Robertson-Walker metrics. This gives the Friedmann equations:
where p andǭ are the matter pressure and density, respectively, and K = +1, -1, or 0 corresponds to the sign of the curvature. For a static cosmology, all time derivates in Equation 18 are zero. This is the case in a (static) Einstein Universe. In order to reproduce the observational constraint imposed by the data available to him at the time, Einstein introduced a cosmological constant Λ into his model. Here, in addition to the contribution from the gravitating matter (i.e., dust), the energy-momentum tensor contains a contribution proportional to the metric tensor: 8πG
where ǫ > 0 and Λ is a constant. Using the relations:
we obtain:
for an Einstein Universe. Thus, the Einstein Universe is closed with constant curvature. Now, in order to place the above in the context of our static toy model, consider the following. First, we re-write Equation 16 in the form:
where a i is the (constant) scale factor for particles of mass m i and wavelength λ i , as given by Equation 5 , and a 0 is a constant satisfying a 0 ≥ a i for all i. Note that λ i ≤ (a 0 -a i ) for all i, with λ 1 ≪ (a 0 -a 1 ) and λ i → (a 0 -a i ) in the limit of very large i. As we will show below, this parameterization is needed to ensure that the parameter α is positive. Recall that, in our toy model, these particles observe a mean mass density ǫ i for the Universe, and a i+1 > a i for all i. For a pressureless dust (for example), the corresponding solutions to the Friedmann equations are then:
and we assume a curvature of K = +1 for every particle type i. In a Friedmann Universe, the cosmological redshift is given by:
for some times t 2 > t 1 . Hence, for our toy model, Equation 24 becomes:
Plugging Equation 23 into Equation 25 , we obtain:
A simple comparison with Equation 9 yields the constraint α = 1/2. It follows from this simple exercise that our toy model can be placed within the context of Friedmann's Universe via a superposition of Einstein space-times, each with its own scale factor a i+1 > a i . As we will explain further below, using a quantity we call the particle packing fraction F p , a change in scale factor here can be interpreted as an increase in the ability of an observer (undergoing gravitational collapse) to resolve the spatial component of the line element. From Equation 22 , the unit of time in our chosen frame of reference is then determined by the wavelength crossing time, or the time taken by light to traverse one particle wavelength. It is intriguing to consider whether or not our model might be able to use this "inverted" frame of reference, which corresponds to a particle (or collection of particles) belonging to a matter distribution crossing the highenergy barrier during gravitational collapse, to construct a cosmological model capable of (at least qualitatively) reproducing the relevant observations on large spatial scales.
Cosmological perturbation theory can in principle be used to help justify our choice for the functional form of δ i , as given by Equation 11 . For this, the perturbed geometry is often described in the general form:
whereḡ µν is the unperturbed Friedmann metric and δg µν corresponds to a small perturbation. Through the Einstein equations, the metric perturbations should be coupled to perturbations in the matter distribution. Einstein's Universe is unstable to perturbations. Within the context of our model, however, any expansion will bring the particle wavelength λ i into the space-time corresponding to the adjacent scale factor a i+1 . Here, the matter density ǫ i+1 > ǫ i . We speculate that this change in the balance between pressure and gravity should cause the expansion to reverse direction, and the perturbation should subsequently contract back into the space-time corresponding to its original scale factor a i . Perturbative contraction, on the other hand, is free to proceed unimpeded. This instability should ultimately allow for a cascading collapse scenario, where the matter distribution in the space-time corresponding to a given scale factor a i collapses into the next a i+1 , which collapses in to the next, and so on.
The above very simple and qualitative picture is illustrated schematically in Figure 5 , which shows the potential energies of our super-imposed Einstein Universes as a function of their respective scale factors a i . By equating the potentials of adjacent scale factors at their points of intersection, or V(a i +δa i ) = V(a i+1 -δa i+1 ), we obtain the trivial constraint:
provided a i +δa i = a i+1 -δa i+1 . Although speculative, this dynamic version of our toy model shares a number of striking similarities to the observed large-scale structure of the Universe. And yet, despite these successes, it seems likely that some further modifications of our base model will be needed to properly reproduce all available empirical constraints (e.g., baryon acoustic oscillations, the CMB, cosmic abundances, etc.). For example, we would expect the collapse to occur where the particle wavelengths overlap in space and time. This could ultimately give rise to a fractal structure resembling the large-scale cosmic web, but with a fractal dimension that is set by the ratio λ i /λ i+1 , which is in turn set by the bin size between adjacent particle masses in the particle mass function. Naively, the matter must be hot and dense when it condenses into the filaments in order to be able to reproduce, for example, the available constraints from cosmic abundance measurements. Whether or not this simple picture could reproduce the observed CMB power spectrum and the effects of baryon acoustic oscillations as well is uncertain, and at least some initial expansion is likely needed in order to do so. This expansion would occur each time matter condenses out of the space-time corresponding to a given scale factor a i by collapsing gravitationally into the next a i+1 ; i.e., the matter from one scale factor a i condenses out hot and dense before expanding into the space-time corresponding to the adjacent scale factor a i+1 , cooling in the process before beginning to re-collapse gravitationally, and the process repeats. This is illustrated in Figure 5 .
We emphasize that more work needs to be done to better understand the implications of cosmological perturbation theory for our model. In particular, the metric given in Equation 22 was chosen since it has the appropriate characteristic behavior to describe our model while also satisfying the Cosmological Principle. Apart from this, the choice of metric is arbitrary and other metrics could also be considered. We intend to explore these issues in future work, in an effort to better quantify further modifications to our base model that would be needed to properly reproduce the primary empirical constraints.
Re-interpreting the scale factor
In the Standard Model of Cosmology, the Robertson-Walker scale factor a(t) acts to decrease the mean mass density in the Universe with increasing proper time. In our model, the Universe is static, and no expansion is needed at the present epoch to reproduce the observed distance-redshift relation. Hence, the volume of the observable Universe at t = 0 is the same as at the present epoch (as observed by a particle of constant rest-mass), and an alternative mechanism is needed to decrease the mean mass density in the Universe with increasing proper time. One way to do this is to adopt an appropriate frame of reference, specifically the frame of reference of a particular particle Consider an initial state for the Universe at t = 0 in which all particles have extremely low-masses, populating only the bottom-end of the particle mass function in Equation 4 . Gravity proceeds to dictate the time evolution of the Universe, causing particles to rapidly coalesce, merge and become more massive. This process continues unimpeded, quickly populating the full spectrum of particle masses in Equation 4. Thus, our observing particle begins at t = 0 with mass m i and wavelength λ i , observing an initially dense Universe. The particle eventually ends with mass m 1 ≫ m i and wavelength λ 1 ≪ λ i , observing a much lower mean mass density in the Universe. This occurs long before the present epoch, such that the seeds of structure formation are in place in the very early Universe.
In this scenario, illustrated schematically in Figure 6 , there are two contributing factors to the perception of an expanding space-time or, equivalently, the perception of a mean mass density that decreases with increasing proper time. First, by construction, particles can only exchange photons with other particles of the same mass, and ǫ i+1 > ǫ i for all i. Hence, each time the particle rest-mass increases due to coalescence with other particles, the observing particle perceives a new particle distribution with a lower mean mass density. Second, the perception of an expanding space-time could come from Figure 6 . Schematic diagram representing the (zeroth-order) initial and final states in the Standard Model of Cosmology (top) and the "inverted" model discussed in the text (bottom). In the Standard Model, space-time expands, leaving the particle restmass and wavelength unaffected. In the "inverted" scenario, space-time is static, and particles begin with extremely low rest-masses and very long wavelengths, coalescing over time to form much more massive particles with much shorter wavelengths. Note that the number of particles is not shown to scale; in particular, the number of particles should be highest in the bottom-left illustration.
increasing the particle mass density directly in its own frame of reference (via direct particle-particle interactions), while holding the mean mass density of the Universe constant. If the particle is unable to detect any change in its own mass density, then the result of this transformation in the particle reference frame is the perception of a decrease in the overall mean mass density of the Universe.
To help illustrate this important point, consider the following parameter, which we call the particle packing fraction: ¶
where ǫ p,i is the mean particle mass density (in the observing particle's own frame of reference) and ǫ i is the mean mass density of the Universe, as observed by particles with mass m i . Importantly, the mean mass density ǫ i can only be indirectly observed, by ¶ Classically, the packing fraction can be written
where N is the number of particles, m is the particle mass, Γ p is the particle volume and Γ 0 is the volume of the container containing all N particles.
directly measuring the quantity F p,i .
+
In a Friedmann Universe, it is the Robertson-Walker scale factor a(t) that drives a decrease in ǫ i with increasing proper time, while the particle's own mass density ǫ p,i remains constant (see the top illustration in Figure 6 ). However, in the particle frame of reference, a decrease in F p,i due to a decrease in ǫ i at constant ǫ p,i is equivalent to a decrease in F p,i due to an increase in ǫ p,i at constant ǫ i . If the latter assumption is made, the time evolution of F p,i must be driven by local changes in the particle mass density directly which must in turn be mediated by gravity. Thus, in effect, the "global expansion" of space-time characteristic of the Standard Model of Cosmology is here replaced by a "local contraction." That is, the quantity F p,i decreases as the particle rest mass m i increases, or as the observing particle "slides down" the particle mass function dN i /dm i . Each time the particle's rest-mass increases via direct particleparticle interactions, it observes a new smaller mean mass density for the Universe ǫ i . We emphasize that this is analogous to the effect of increasing the Robertson-Walker scale factor with increasing proper time in ΛCDM cosmology. Thus, as shown in Section 3.1, in our toy model, increasing the Robertson-Walker scale factor can be interpreted as increasing the ability of the observer to resolve the spatial component of the line element of the underlying space-time.
We emphasize that the above schematic or qualitative picture is far from a complete dynamic model, and relies on a number of idealized simplifying assumptions. Nevertheless, this choice of reference frame is needed in our model to self-consistently bridge the orders upon orders of magnitude in space and time characteristic of the observable Universe.
Discussion
In this section, we discuss the implications of our model for cosmology. After briefly addressing some of the possible caveats and the expected impact of including additional relativistic effects in our model, we discuss potentially observable distinctions between the cosmological redshift and our proposed mechanism to account for the observed distance-redshift relation.
Relativistic effects
First, we comment on the possible implications of including special relativistic corrections in our model, but emphasize that the magnitude of this effect is uncertain since the distributions of particle velocities are unknown. If all particle species are assumed to be in energy equipartition in our model then, for extreme particle mass ratios, from this assumption it follows that the root-mean-square velocities of some very + In effect, in order for a measurement of a given quantity to hold any real meaning, a scale must first be defined by assigning units to the quantity or parameter in question. Hence, in Equation 29, we are effectively measuring the mean mass density of the Universe ǫ i in units of the mean particle mass density ǫ p,i .
low-mass particles could become relativistic. This is important since, in a model that includes relativistic effects, an additional Lorentz factor γ i (where γ i = 1/ 1 − σ 2 i /c 2 ) must be included in the denominator of Equation 5. Thus, large Lorentz factors contribute to a significant reduction in the particle wavelength, such that some finetuning would likely be required via the parameter δ i , which is a free parameter that can be arbitrarily small in our model, in order to reproduce the observed data. Importantly, however, if the assumption of energy equipartition is relaxed, then the root-mean-square particle velocities need not be relativistic. The overall qualitative results of our model are also independent of this assumption, which serves only to decrease the power-law index α in Equation 4 by unity.
More importantly, there is no known reason to expect energy equipartition in our model. For example, an initial phase of gravitational collapse in the early Universe could be accompanied by violent relaxation, leaving the system out of thermal equilibrium. Whether or not the matter distribution in our model would have sufficient time to reachieve energy equipartition is not clear. Moreover, only the baryonic matter must ultimately pass through a hot and dense state in order to achieve consistency with the available primordial abundance constraints [25] . Any very low-mass particles contributing to large-scale gravitational potentials at the present-day (in our model) could not have passed through such a hot and dense state without relativistic effects having drastically reduced their characteristic wavelengths. Nevertheless, the issue of the particle velocities (and hence wavelengths) is central to our toy model, which requires long wavelengths at very low particle masses in order to reproduce the available observational data. This is an active area of research (see, for example, [17] and [14] ).
As for further adapting our model to include general relativistic effects, it is (in general) unclear how to source the energy-momentum tensor in the Einstein equations, since (among other things) the quantum state of the matter is unknown. Finally, as already discussed, the discrete nature of our model could be difficult, if not impossible, to completely accommodate via Einstein's equations, since they are formulated from continuous and differentiable functions.
Empirical constraints
As explained in the preceding sections, our toy model bears many interesting similarities to an "inverted" ΛCDM cosmology. But, as illustrated in Figure 2 , several possible differences are also apparent. In this section, we discuss potentially observable features of our model, and how they relate to both the available empirical data and theoretical models.
4.2.1. Distance-redshift relation and Dark Energy ΛCDM predicts that (ignoring data uncertainties and local gravitational effects) all the data should fall precisely on the observed distance-redshift relation, with zero dispersion. Conversely, in our toy model, we expect some intrinsic dispersion in the observed distance-redshift relation, with the magnitude of the dispersion being proportional to the grid spacing in the particle mass function (i.e., the ratio m i /m i+1 ; see Figure 2 ). Next, our toy model predicts that only specific discrete values of the redshift should be observed in the distance-redshift relation, with the exact values depending on the details of the discretization of the particle mass function. In the limit that the particle mass function is continuous, however, this potentially observable consequence of our model vanishes. Importantly, the first observable feature (i.e. dispersion) is likely to offer a more practical constraint on our model. This is because it would be difficult to establish that any gap detected in the distance-redshift relation is anything more than an observational bias, or selection effect. Intrinsic dispersion, on the other hand, could be looked for by first finding a best-fit model for the data, adding (in quadrature) an intrinsic dispersion term σ int to the uncertainties and calculating a reduced χ 2 value. If the reduced χ 2 is less than or equal to the number of degrees of freedom in the model assuming σ int = 0, then the data are consistent with having zero intrinsic dispersion. If, on the other hand, we require σ int > 0 for an acceptable reduced χ 2 , then this could be used to constrain the degree of intrinsic dispersion in the data and, consequently, the bin size (i.e., the ratio of successive particle masses in the particle mass function) for the particle mass function. We have attempted this simple test and find that, over the entire observed range of redshifts, the data are consistent with zero intrinsic dispersion. However, this is not particularly telling, since we might only expect intrinsic dispersion to appear over a very narrow range of redshifts. We conclude that a more sophisticated statistical treatment based around this method but confined to narrow ranges in redshift will be required to properly address this issue.
We have shown that the simple toy model presented here can potentially reproduce the observed shape of the distance-redshift relation at z > 0.6 [23] , presently attributed to dark energy in the Standard Model of Cosmology. However, our results suggest that significant fine-tuning is likely required via the parameter δ i in Equation 5 in order to avoid apparent discontinuities in redshift not readily seen in the observed data. While beyond the scope of this paper, a complete dynamic model might be needed before more meaningful comparisons can be made. We intend to address this issue in a forthcoming paper, including a more rigorous statistical comparison between the predictions of our model and the available empirical data, without making any a priori assumptions regarding the particle mass function.
Finally, our proposed mechanism for the observed distance-redshift relation also naturally reproduces other observations on large-scales. For example, at least qualitatively, this mechanism should also produce gravitational lensing, and could be empirically-tested via gravitational lensing experiments. Naively, gaps in the particle mass function could translate into discontinuities or sharp truncations in the observed enclosed mass as a function of distance from the centre of mass of the lensing mass distribution. The Cosmic Microwave Background can also be qualitatively explained within the context of our model. CMB photons have been traveling at the speed of light since the very early Universe (in ΛCDM). Hence, those CMB photons detected at Earth originated from the greatest possible distances, and hence the deepest possible potentials (in our model). Consequently, they should be the most redshifted photons in the Universe. In other words, within the context of our model, CMB photons probe the very bottom end of, or minimum particle mass in, the particle mass function. Hypothetically, the observed fluctuations in the energies of CMB photons could constrain the initial spatial distribution of the lowest mass particles in the particle mass function.
Galactic rotation curves and dark matter
Interestingly, a potential connection can also be made to dark matter particles via our model. This could be the case if the wavelengths of any particles in our toy model are comparable to or smaller than typical galactic scales.
For instance, consider observed extragalactic rotation curves at large galactocentric radii, which tend to be flat as a function of galactocentric distance r, attributed to the presence of unseen dark matter particles. That is, to first order:
where v c is the circular velocity and M(r) is the enclosed mass at galactocentric radius r. Equation 30 constrains the functional form of the particle mass function at large galactocentric radii, * similar to the observed distance-redshift relation in Section 2.3. To see this, we calculate the total mass enclosed within a radius r:
where the second equality holds since we are considering a specified volume. In order to reproduce Equation 30, we thus require (α+2γ+1) = 0 in Equation 31, or:
The above example illustrates that extragalactic rotation curves could offer an additional pathway toward constraining the precise functional form of the particle mass function in our model, provided some particles have wavelengths smaller than typical galactic scales. For example, if a large discontinuity or gap in the mass function is present, this could manifest itself observationally if the circular velocity begins to (temporarily) drop off with galactocentric distance as 1/r (not including the baryonic mass), instead of v c = constant. This is because, over some small range in r ∼ λ i , (and λ i ≪ λ i+1 ), the mass interior to r is constant with increasing r. This 1/r decrease should continue until r ≥ λ i+1 , at which point a sharp increase in v c could be observed (ignoring the aforementioned oscillating perturbations in Section 3.1). We emphasize that this proposed observational effect is an artifact of our simple model, and should be confirmed in future studies using more sophisticated dynamical modeling. We intend to explore in more detail a possible connection between the matter distribution presented in this paper and dark matter particles in a future paper. * Note that this distance scale should apply to the heaviest particles in, or the "top" end of, our assumed particle mass function.
Wide binary stars in the Galactic field
Another possible test for the extension of our model into the regime of galactic potentials can perhaps be constructed from observational monitoring of wide binary stars in the Galactic field. The test works as follows. If dark matter consists of very long-wavelength (λ 1 pc) particles then, within the context of our simple model, no dark matter should contribute to the gravitational potential within the binary's orbit. If, on the other hand, dark matter consists of particles with small wavelengths, then dark matter could exist within the orbits of very wide binaries. If the mass in dark matter is significant, the binary orbit will not be closed and should exhibit deviations from Kepler's Law. Assuming a continuous density of DM particles distributed throughout the Galaxy according to a Navarro-Frenk-White (NFW) profile, the total mass of dark matter particles within the orbits of wide lowmass binaries can become comparable to or even exceed the total binary mass at certain Galactocentric radii. This effect could therefore be significant at these locations within the Galactic potential. Additionally, the presence of DM within the binary orbit changes the zero-point of the binary orbital energy, such that binaries with separations larger than some critical semi-major axis should be disrupted. In our simple model, however, this is only the case provided λ < a, where a is the orbital separation of the binary.
We quantify this effect in Figure 7 , which shows the maximum binary orbital separation possible for different total binary masses, as a function of Galactocentric radius. We assume a uniform DM density for this calculation. Specifically, we adopt an NFW profile for the DM component of the Galaxy, using the fit parameters in Table  1 of [18] . As is clear, only in the outer reaches of the Galactic halo, where the stellar density is much lower than the local DM density, could this effect become significant. A more viable test might therefore be galaxy pairs in the outer reaches of galaxy clusters. We intend to explore this idea further in future work.
Caveats and Future Work
As already discussed, we intend to explore in more detail in a future paper the empirical constraints discussed in the preceding sections, which are relevant to largescale astrophysical observations. We emphasize that any potentially viable model to describe the large-scale structure of the Universe along with its time evolution must satisfy the available wealth of empirical constraints already in hand, while ideally also making predictions for future data. In this regard, we have only scratched the surface in this paper. However, our model also draws attention to a number of interesting issues that could bear important insight for models of quantum gravity. For example, our assumption regarding the nature of Gauss' Law is critical to our model, and could potentially be tested in the laboratory. The assumption that gravity can mediate the overlap of wave packets in space and time during gravitational collapse is also central to our toy model, but remains a subject of active research [5] . More generally, it is unclear how such long-wavelength particles should interact at all, either gravitationally or otherwise. One of our goals with the toy model presented in this paper is to help guide The maximum orbital separation possible for wide binaries in the Galactic field. We assume an NFW density profile for the Milky Way dark matter potential. We assume equal-mass binaries, and show our results for three different binary masses, namely 0.2, 2.0 and 20.0 M ⊙ . The line thickness is proportional to the total binary mass (i.e., the thickest line corresponds to the most massive binary).
future studies toward key topics that, once better understood, could have important implications for future astrophysical observations on large spatial scales. Depending on the validity of our assumptions, the model presented in this paper could serve in future studies as a benchmark for extending the Standard Model of Particle Physics to very low energy scales.
Summary
In this paper, we present a novel mechanism to account for the observed distance-redshift relation. This is done by presenting a toy model for the large-scale matter distribution in a static Universe. Our model relies on a few key assumptions, including a mass spectrum dN i /dm i = βm −α (where α and β are both positive constants) for low-mass particles with m i ≪ M P , where M P is the Planck mass, and a particle mass-wavelength relation of the form λ i = /δ i m i c, where δ i = ηm γ i and η and γ are both constants. Our model mainly concerns particles with masses far below those in the Standard Model of Particle Physics. For such low-mass particles, we assume that locality can only be defined on very large spatial scales, comparable to or exceeding the particle wavelengths.
We use our model to derive the cosmological redshift characteristic of the Standard Model of Cosmology (i.e., ΛCDM), which becomes a gravitational redshift in our toy model. We then go on to derive Hubble's Law, and show that, within the context of our model assumptions, this constrains the particle mass spectrum such that α + γ = 0 for a linear distance-redshift relation. We further compare the results of our model to empirical data and show that, in order to reproduce the observed sub-linear form of the distance-redshift relation, our model requires α + γ < 0. Taken at face value, the observed data also suggest that the particle mass function is relatively continuous, with the maximum gap or bin size satisfying m i+1 /m i < 10 2 for successive particle masses, for all i (and assuming γ = -0.5).
We further place our toy model in the context of the Friedmann Universe, in order to better understand the expected characteristic behaviour of a more dynamic version of our model. Given the overwhelming evidence supporting an expanding Universe, we then address possible modifications to our base (static) model that would be required to account for the available empirical constraints, including the addition of some initial expansion. Finally, we consider potentially observable distinctions between the cosmological redshift and our proposed mechanism to account for the observed distance-redshift relation.
In conclusion, the mechanism presented here for the observed distance-redshift relation has the potential to unify into a single mechanism the source of the observable properties of the Universe on large spatial scales, presently attributed to a combination of dark matter and dark energy, while also potentially offering several unique observational signatures relative to the current Standard Model of Cosmology.
